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This paper shows that the coefficient of x in the right hand side of the equation for M(m, n) for 
all n >1
 
is an algebraic relation in terms of z. The exponent of z represents the crank of partitions 
of a positive integral value of n and also shows that the sum of weights of corresponding 
partitions of n is the sum of ordinary partitions of n and it is equal to the number of partitions of 
n with crank m. This paper shows how to prove the Theorem “The number of partitions π of n 
with crank C(π) = m is M(m, n) for all n >1.” 
 





     First we give definitions of  nP , the crank of partitions,  x ,  zx ,  xx ;2  and  nmM , . 
We generate some generating functions related to the crank and show the coefficient of x is the 
algebraic relations in terms of various powers of z, the exponent of z represent the crank of 
partitions of n (for all 1n ). We show the results with the help of examples when n = 5 and 6 
respectively. We introduce the special term weight  

 related to the vector partitions V and 
show the relations in terms of  nmM , , weight  

 and crank  

. We prove the Theorem 








 nP : Number of partitions of n, like 4, 3+1, 2+2, 2+1+1, 1+1+1+1. Therefore,   54 P  and 
similarly   75 P etc. 
    Crank of partitions [2]: For a partition   , let  l  denotes the largest part of  ,    denote 
the number of 1’s in  , and    denote the  number of parts of   larger than   , the crank 
 c  is given by; 
 
 
   






.0 if              ; 







 x    ... 1 1 1 32 xxx   
 
 zx    ... 1 1 1 32 zxzxzx   
 
 xx ;2    ... 1 1 1 432 xxx   
 




       For all integers 0n  and all integers m, the number of n with crank equal to m is 




   
Largest 
part 
 l  
Number of 1’s 
   
Number of parts larger than    
   
Crank 
 c  
1 1 1 0 –1 
 
  11,1 M . 
 
But we see that; 
 
      11,01,11,1  MMM . 
 

















 ,  
 
is  11  zz  i.e., 011 zzz   the exponent of z being the crank of partition. 
 




3.  The Generating Function for  nmM ,  
 
The generating function for  nmM ,  is given by [2]; 
 





















   
 
   
     ... 1 1 ... 1 1









   
     ... 1 1 ... 1 1
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x    
   
...
1 1 1










   
...



































         (1) 
 
        3332221  1  11 xzzxzzxzz     44422  1 xzzzz  
 




  ... 1 6664433221   xzzzzzzzzzz  
We see that the exponent of z represents the crank of partitions of n (for 1n ). As for examples 
when n = 5 and 6, 
 
For n = 5, 
 
Partitions of 5 
   
Largest part 
 l  
Number of 1’s 
   
Number of parts larger than 
   
   
Crank 










































 l  
Numbers of ones  
   
Number of parts 
larger than  
   
Crank 
 c  
6 6 0 1 6 
5+1 5 1 1 0 
4+2 4 0 2 4 
4+1+1 4 2 1 –1 
3+3 3 0 2 3 
3+2+1 3 1 2 1 
3+1+1+1 3 3 0 –3 
2+2+2 2 0 3 2 
2+2+1+1 2 2 0 –2 
2+1+1+1+1 2 4 0 –4 
1+1+1+1+1+1 1 6 0 –6 
 
 
4. Vector Partitions of n 
 
Let, PPDV  , where D denotes the set of partitions into distinct parts  and P denotes the set 
of partitions. The set of vector partitions V is defined by the Cartesian product, PPDV  . 
 
     For   V 321 ,, 

, where 321  

 
weight =      1#1  

, the crank






We have 41 vector partitions of 4 are given in the following table:  
 








 4,,1  

 +1 –1 
 13,,2  

 +1 –2 
 22,,3  

 +1 –2 
 112,,4  

 +1 –3 
 1111,,5  

 +1 –4 
 3,1,6  

 +1 0 
 12,1,7  

 +1 –1 
 1111,8  

 +1 –2 
 22,9  

 +1 0 
 11,2,10  

 +1 –1 
 2,11,11  

 +1 1 
 11,11,12  

 +1 0 
 1,3,13  

 +1 0 
 1,12,14  

 +1 1 
 1,111,15  

 +1 2 
  ,4,16 

 +1 1 







































































































From the above table we have, 
 








= 1+1+1+1–1–1–1–1+1 = 1 
 












= 1 + 1 + 1–1–1–1–1+1 = 0 
 
 4,2M  1 + 1 + 1–1–1= 1 
 
  4,2M  1 + 1 + 1–1–1= 1 
 
 4,3M  1–1= 0 
 
  4,3M  1–1= 0 
 
 4,4M  1 
 





























4,  = 5 
 





















4,  =  4P . 
 
Again we have 83 vector partitions of 5 are given in the following table:  
 








 5,,1  

 +1 –1 
 14,,2  

 +1 –2 
 23,,3  

 +1 –2 
 113,,4  

 +1 –3 
 122,,5  

 +1 –3 
 1112,,6  

 +1 –4 
 11111,,7  

 +1 –5 
  ,,58 

 –1 0 
  ,5,9 

 +1 1 
  ,14,10 

 +1 2 
  ,,1411 

 +1 0 
  ,1,412 

 –1 1 
  ,4,113 

 –1 1 
 1,4,14  

 +1 0 
 4,1,15  

 +1 0 
 4,,116  

 –1 –1 

















































































































































































































































































From this table we have; 
 


















= –1+1+1+1+1+1+1+1+1–1–1–1–1–1–1–1–1+1 = 1.    
 
 5,1M 1–1–1–1–1+1+1+1+1+1+1+1–1–1–1 =1  
 
  5,1M 1–1–1–1–1+1+1+1+1+1+1+1–1–1–1 =1  
 
 5,2M 1+1–1–1–1–1+1+1+1–1= 0  
 
  5,2M 1+1–1–1–1–1+1+1+1–1= 0  
 
 5,3M 1+1–1–1+1= 1 
 
  5,3M 1+1–1–1+1= 1 
 
 5,4M 1–1= 0 
 
  5,4M 1–1= 0 
 
 5,5M 1 
 
  5,5M 1 
 

























5,  = 7 
 





















5,  =  5P . 
 
 From above discussion we get; 
 



























Theorem: The number of partitions   of n with crank   mc   is  nmM ,  for all 1n . 
  
Proof: The generating function for  nmM ,  is given by; 
 



















































     Now we distribute the function into two parts where first one represents the crank with 
    lc   and second one represents the crank with       c . 
 
The first function is;  
 
 








     4423322   11 xzzxzxzxz   ... 553  xzz  
 
Counts (for 1n ) the number of partitions with no 1’s and the exponent on z being the largest 
part of the partition where     lc  , like; 
 
Partitions of 4 
   
Largest part 
 l  
Number of 1’s 
   
Number of parts larger 
than    
   
Crank 

















Here n = 4, the 5th term is   442  xzz  . 
 
Again second partition is,  
 




































    
...















which counts the number of partitions with   j  and the exponent on z is clearly 




   
Largest 
part 
 l  
Number 
of 1’s 
   
Number of 
parts larger 
than    
   
Crank 



























Here n = 4, the 5th term is    4421 xzz    i.e.,  
4420 xzzz   . 
 
Thus in the double series expansion of  
 
 























, we see that the coefficient of nm xz   1n  is the 
number of partitions of n in which   mc  . Equating the coefficient of nm xz  from both sides in 





     We have verified that the coefficient of x in the right hand side of the generating function for 
 nmM ,  is an explanation of z, the exponents of z represent the crank of partitions, it is already 






















 nP , it is already shown when n = 4 and 5 respectively. For any positive integer of n we can 
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